STEADY THERMAL CONTACT OF A HALF STRIP AND A STRIP

V. V. Loboda and A. E. Sheveleva UDC 536.24

The steady temperature field of a strip and a half strip connected at one end but with
different thermophysical properties is determined for mixed conditions in the contact
region.

1. Consider the problem of determining the steady temperature field for a half strip
x; > 0 and a strip [x,| < h, with the following conditions specified at their boundaries

TV (%, +h) = fi(x) (% >0); . (1)
T (—b, %)= f,(x,); (2)
or*®

0, 9) — 0 .
%, 0, x,) (lxgl > h)

Here and below, the superscripts (1) and (2) denote characteristics of the halfstrip and
strip, respectively; the function f,(x,) is even.

The steady temperature field in each region is described by the following equations

a() 2 () (3)
@7 I (i=1,2).
0x? 0x2
Suppose that, in some subregion S of the contact region [~h, h], there is ideal heat
transfer, while the rest of the region is heat insulated. Then the matching conditions take
the form

TU(0, %)= TP (0, x),

(%)
(1) (2)
3% -(?—T—(o, %) = & or (0, %5), %, €S,
axl X1,
n aT(Z)
ﬁ%—&m=~a~m%wamw.
1 1

To solve the problem, the unknown functions ¢(x,) and ¢(p) are introduced, according to
the formulas

or'?
kY

0: H 2 P
Q(x,) = 0%y 0, %), x.€S (5)

= S @ (p) cos prydp,
0, % ¢S L

—_ 2 o
e(p) = —n——f @ (x2) COS px,dr,.
o

Then, applying the Fourier cos transformation [1] with respect to the coordinate x; to Eq. (3)

(i = 1) and the boundary conditions in Eq. (1), and taking account of Eq. (5), it is found
that
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T 1

O, 9) = [ ¢ — —
0= e ey b{ {exp [~ I — 4l pia] +

2 ’
-+ sh (pxy/ky) exp [— (h — y) plkil/ch (ph/ky)} dp + — Vi (%),

where

00

Filp) = [ fulm)cos pradr; ks =V KD HED
0

Vi(xs) = ? T1(p) ch (px,/ky) dp
b ch(ph/k,)

The solution of the boundary condition in Egs. (2) and (3) (i = 2) and

or®
ax1

52)7 xZ E S,
% ¢S

0, 1) — {;p(xa/k

is obtained using a complex Fourier transformation [1] with respect to the coordinate x,.
The expression for the temperature derivative required in the subsequent analysis is

(2) oo . 1 ,
T2 0, 5) = — —— (@) dy | thkpb)sinp (s —8)dp ——Vi(x),
0%, nky g b b
where

oo

Vo) = (L2Peosprdp . yrmm T o of
2 (%2) § ch (pkyh) A ki ks 5 [2(p) 2§f2(y)cospydy.

Satisfying the matching condition in Eq. (4), which is written in the form

oTV 2)
0, x) = 9L
0)62 6x2

(0’ x2)’ x2 ES,

where T(l)(O, v) = T(z)(O, v) (v is some point of region S), the following singular integral equa-
tion is obtained

S[ L | K(a, y)Jcp(y)dy=F(xz), %€S, (6)

S| X—Y

with the additional condition

~ 7
J Kooy = Fo (7
where

1 % sh(psolki) exp [— (h— y) p/kil dp 1T ~ .

K (x,, = — —— \ [1 — th (k,pb)] sin —y)dp;

(%2, ¥) T OS < (P o § (kypb)] sin p (x, — y) dp

Ko(g) = —L_ T |
o(y) = o f{eXP [ (h—9) p/ky) ch(pv/ky) — exp [— v — y| p/ky] X
0

 ch (ph/ky)}(p ch (phyky)) dp — —k‘— i —:;- th (kypb) cos p (v — y) dp;
) I
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F(x;) = — [Vl' (%) + V2’ (2)1/B;

Fo— [Oeospudp o % Fi(p)eh(pulky) dp
’ ch (kypb) 3 ch(phiky)

B = 1/k;+ 1k,

2. The function K(x,, y) may be written in the form

L]

0

] ] 1
: - — K* (%5, 1), (8)
K 9= [ h—y—x  Zh—y+ } TR )

where K*(x,, y) € H, H is a set of functions satisfying the Holder condition in [-h, h] [21.
This means that, if S includes corner points of the halfstrip, Eq. (6) includes not only
mobile singularities but also immobile singularities as x, » +h, y » h. Suppose that the
heat-insulated layer is at the section [-g, g]. This case will be called problem A. Then,
taking account of the symmetry of ¢(y), Eqs. (6) and (7) take the form

h
| { 2t M, y>J (W) dy = F(z), %€ la, hl (©)

2 42
a x2 Yy

h

j‘ Mo 9 (y)dy = F,, (10)
where M(x,, y) = K(x;, y) + K(x,, =y)5 Mo(y) = Ko(y) + Ko(~y).

Under the assumption that the unknown function has integrable singularities, o(y) is
sought in the form

P* (y)
(y—a) (h—y)

(P(y): 3 ’(P*(y)EH Oga’ y<<Ll

Ihtroducing the holomorphic function

h
(D(z):__l_‘)' W 4,
noY oy—z

the relations following from [2] are employed

D (x,) = P (@)ctgay  ¢*(h)cigna
h—afn—a)’  (i—a) (h—x)*

+ @ (%2), %, —>a, i

D (27 — —_ (P* (h) 0 —
(2h — x) T p—— + @3 (x5), x> h,

C;

h O} (2) <
where [@; (z)|<C a2

—; Re(vo) <Re(v); Re(m)<<Re(a); C;(i =1, 2) are real constants.

Taking account of Eq. (8), the characteristic equations for determining the degrees of
singularity a and y are obtained from the condition that a nontrivial solution of Eq. (9)
exists

COS e ——1—- = {, Cos Yy = 0. (11)
3

If the intervals [~h, —ql, [q, h] are heat-insulated sections (problem B), then Egs. (6)
and (7) take the form

Xo—Y

ar 1
1 K (5, y)qu(y)dy:F(xz), %€[— a, a,

Y
—a
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Fig. 1. Dimensionless temperature distribution
in the contact zone with various values of the
thermal conductivity of the strip, problem A (a),
and the half strip, problem B (b).

| Ky 9(y)dy = Fo.

-~a

In this case ¢(y) = ¢*(y)}/(a%? ~ y?)®, and @ = 0.5 if a < h or is determined from Eq. (11)
if a= h. 1In the latter case, there is no heat insulation in the contact zone.

A numerical method based on the Gauss—Jacobi quadrature formula of greatest algebraic
accuracy is used to determine ¢(y) and the temperature distribution in the contact zone {3]

LA NP (12)
;‘;——————(1 ) dr = k;} Af (2, ),

a generalization of this formula to the case f(z, 1) = 1/(z — 1) was given in [4]. Here 7y

are zeros of the Jacobi polynomial P&'“"Y (1), Ag are constant coefficients.

The application of the method to Egs. (9) and (10) will now be illustrated. Passing to
the segment [-1, 1], choosing the zeros zp (m =1, 2, ..., N — 1) of the Jacobi polynomial

P&l'“sl'Y)(z) as the collocation points, and applying Eq. (12), the following system of

linear algebraic equations is obtained

[ Tm ) 1 g (o + dzg, ¢+ drh)} G(e + du)=F (c+dzm),

N
2:1 m Tk

2 AM, (¢ + d,) G (c + dty) =Fold,

=1

where T(z, 1) = 2(c + dz)/(d(z + 1) + 2¢); G(c + dry) = (1 ~ 1)® (1 + 1) ¥d®HYo(c + dry);
= (h +a)/2; 4 = (h —g)2.

The temperature values in the contact zones are determined by the formulas

T (0, x3) = ¢4 ) G0+ )+ — Vi (s,

o &
2 A4Sy (%4, ¢+ dTy) G(c+ dty) +

k=1

T 0, x5) =

TRy

where

O? 1 Ch (pxalkl) Q h Q .
o (| chmTa) y, p) — R Y, P) |dp;
Sl (x2s y) é p [ Ch (ph/kl) ( |
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%1
Sy (%2, y) = [—th(pbks) cos pydp;
i P
Q(xe, Y, p) = exp[—Ixa—~yl plks] + exp [—lxa+ ylp/ki).

The results of calculating the temperature in the contact zone for problems A and B
when h = b =1, a = 0.5 are shown in Fig. 1. The continuous curves correspond to ng)(x*) =

7(2) (o, X,)/T, and the dashed curves to Tgl)(xz) = 1(1)(0, x,)/T,. For Fig. la

and for Fig. 1b

/ TO’ x1<2’
X1) = = =
fi(x1) { 0, x>2, f2(%) =0, &,

These results illustrate the influence of the heat-insulating layer and the thermal
conductivities on the temperature distribution in the contact zone.

NOTATION
X1, X,, axes of Cartesian coordinate system; T(l), T(z), temperature of half strip and
strip; kgi), k (i)(i = 1, 2), thermal conductivities in the directions x;, X,, respectively;
P 2 2 y

2h, b, width of strip and halfstrip, respectively; ¢(x,), heat flux in the contact region
(basic unknown function); S, region of ideal thermal contact; {[-h, h] — S}, heat-insulated

region; k? = k(i)/k(i) Ki4s = /k(i)k(i) (i=1, 2), B =1/ky + 1/k,, constants determined

by the thermal conductivities; a, degree of singularity of the heat flux in the vicinity of
the corners of the halfstrip; P{®sB)(x), Jacobi polynomials; f,(x,), f,(x,), functions deter-
mining the temperature distribu¥1on at the boundaries of the regions.
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